Introduction
The generalized Henon-Heiles Hamiltonian is well known from applications in stellar dynamics, statistical mechanics and quantum mechanics (cf. [1] [2] [3] ). In case A = B = C = -3D = 1 the Hamiltonian (l) reduces to its standard form [4] . Tlis system is known to be integrable when
The second integrals for the sets (i)-(iii) have long been known (cf. [5, 6] ).
Since the unperturbed (integrable) and perturbed Hamiltonian systems are close, one might expect that the solutions will also be close, but this is not generally the case. Ιn fact, arbitrarily small perturbations of a system can cause radical qualitative changes in the topological stucture of the phase space. The most important type of orbits in Hamiltonian systems are homoclinic orbits. The concept and the terminology of homoclinic and heteroclinic solutions goes back to Poincard [7] . The homoclinic solution is forward and backward asymptotic to the periodic orbit. In
Hamiltonian systems the existence of nondegenerate homoclinic orbits connecting the hyperbolic periodic orbit leads to the Seale horseshoe (see e.g. [8] ). The complex behaviour of nearby orbits implies the nonexistence of second analytical integrals for the flow. Hence the presence of a nondegenerate homoclinic orbit in a Hamiltonian system is enough to guarantee the existence of chaotic behaviour. We have no general method for proving the existence of a nondegenerate homoclinic orbit in a given Hamiltonian system. The Poincaré-Mehιikov method (cf. [9] [10] [11] ) can often be used to show that certain degenerate homoclinic orbits become nondegenerate under perturbations. However, to apply this method one must already have the existence of a homoclinic orbit in the unperturbed system. Unfortunately, proving transversal intersections of stable and unstable Lagrangian manifolds of the hyperbolic orbit is nontrivial in most problems.
In this paper we consider the generalized Henon-Heiles system (1) near two integrable cases (o)=(A, B, 0, D) and (i)= (A, A, C, C/3). Our aim is to prove that for infinitesimal deformations of the sets (o) and (i):
the Henon-Heiles system has transversal homoclinic orbits. We extend the result of a paper of Holmes [12] in which he has proved the existence of transversal homoclinic orbits for case i8.
Homoclinic chaos
We begin with considering twodegree of freedom Hamiltonian systems with perturbations that break an S1 phase symmetry. These systems have the following form:
μ is a small parameter, Dx = (Dx" Dx2 ) represents partial derivative with respect to x, DI represents the partial derivative with respect to I, and Du represents the partial derivative with respect to u. The system (4) is derived from the Hamiltonian The unperturbed system is completely integrable. We assume that Eq. (6a) possesses a homoclinic orbit e*, asymptotic to the hyperbolic point x0. In full (x, I, u) phase space each equilibrium point x0 corresponds to a periodic orbit C x0 parametrized by the solution Each hyperbolic orbit Cxo inside the corresponding level surface of the Hamiltonian H0 possesses twodimensional stable and unstable Lagrangian manifolds Ws(x0) and Wu (x0 ). The parts of the stable and unstable manifolds which do not extend to infinity coincide to form a twodimensional manifold W(x0). As shown in [11] , the invariant hyperbolic orbit Cx0 persists under perturbations with stable and unstable manifolds. Any trajectory on the perturbed stable manifold W s(xμ ) stays O(μ) close to a trajectory on the unperturbed stable manifold W s (x0 ) and any trajectory on the perturbed unstable manifold Wu (xμ ) stays O(μ) close to a trajectory on the unperturbed unstable manifold W u (x0 ), both on the time interval (-t 0 ,t 0 ) for any positive t0. Since the unperturbed manifolds Ws(x0) and Wu(x0) are not transverse, we thus expect the perturbed manffolds Ws (x) and Wu(xμ) to intersect transversely creating the homoclinic tangle.
We check for the existence of transverse homoclinic intersections using the Poincare-Melnikov method. This standard method was first developed by Holmes and Marsden [9] and Robinson [10] . The Poincaré-Melnikov function measures the separation between the perturbed manifolds, the manifolds Ws(x) and Wu(xμ) intersect where this distance vanishes. We use the unperturbed manifold W(x0 ) as the framework for , parametrizing the manifolds Ws() and W(x) as follows. At every pointy = (x, I, u) on the homoclinic manifold W(x0) we consider the, normal Ν(y) to W(x0). Let the point yμ , s (resp. yμ , u ) be unique intersection point of the normal Ν(y) and the stable Ws (x) (resp. unstable Wu(xμ)) manifold inside O(μ) neighbourhood of y . We define the separation distance of the manifolds Ws [8] this situation leads to chaotic dynamics in the vicinity of the homoclinic orbits.
Case (o)
We assume that the Hamiltonian (1) The second integral in (16) is easily calculated, the first must be evaluated by the method of residues (cf. [13] ). We obtain by standard methods From Eq. (17) one can see that the Poincaré-Melnikov function Μ 0 (u 0 ) has simple zeros. This proves the existence of the homoclinic chaos for sufficiently small C # 0 and h > h1.
Case (i)
For the integrable case (i) the Hamiltonian (1) We show that for the deformations (23) the generalized Henon-Heiles system has transverse homoclinic orbits. Let Mk, k = 1, 2, ..., 13, denote the Poincaré-Melnikov functions for the deformations ik, k = 1, 2, ..., 13. Then one can easily show that where Inserting (21) into (25) and (26), we obtain Thus for h > h*, sufficiently small u ψ 0 and almost all ratios A/C the Poincard-Melnikov functions Mk, k = 1, 2, ... , 13, have simple zeros. Therefore the system (l) for the sets (23) contains transverse homoclinic orbits and hence a pathological structure.
Concluding remarks
The Poincaré-Melnikov method is a regular method, and establishes only the existence of nondegenerate homoclinic orbits, not tleir precise shape. The Poincare-Melnikov function technique shows that the maximal width of the splitting of the Lagrangian manifolds, and hence the width of the stochastic layer is O(μ). However, there is little known about the precise relation between the splitting distance and angle and the thickness of the stochastic layers. It is known that the set of stochastic layers grows in size with μ. On the other hand, there are examples that highly perturbed Hamiltonian systems become completely integrable (e. We have shown that the integrability of a family of Hamiltonian systems (1) is a discrete phenomenon in case (o) and (i), i.e. points (A, B, C, D) for which the system is integrable form a zero measure set in R 4 .
In the limit A --> μ (case (o) in Sec. 2.1) we expect to see exponentially small separations of the manifolds Ws(), Wu(xμ), hence a failure of our regular perturbation theory. From Eqs. (9) and (17), we obtain that the splitting distance should be of the order Since the splittings are exponentially small, perturbation expansions using series in μ will not succeed.
A little calculation shows that for the sets the Poincare-Melnikov function vanishes identically, and the existence of transversal homoclinic intersections cannot be established. Exponentially small splittings also occur in Kolmogorov-Arnold-Moser theory. While there is a general belief that this does reflect the correct picture (e.g. [14] ), there is as yet no rigorous proof (cf. [15] ).
There remains the open question whether the generalized Henon-Heiles system has chaotic layers near other integrable cases (ii) and (iii). In case (ii) the second integral is quadratic in momenta which reflects separability of the Hamilton-Jacobi equation. For such class of potentials, as shown by Darboux, the Hamilton-Jacobi equation is separable in confocal elliptic coordinates (cf. [16] ). Nevertheless, for this case the existence of chaotic behaviour cannot be proven analytically. An additional integral for case (iii):
is a nonreducible quartic polynomial in momenta and therefore Hamiltonian (1) is not separable.
